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Identifying the learnable is a fundamental goal of machine learn-
ing. To achieve this goal, one should first choose a mathemati-
cal framework that allows a formal treatment of learnability. This 

framework should be rich enough to capture a wide variety of learn-
ing problems. Then, one should find concrete ways to characterize 
learnability within this framework.

This paradigm has been successfully applied in many contexts 
of machine learning. In this work, however, we show that this par-
adigm fails in a well studied learning model. We exhibit a simple 
problem where learnability cannot be decided using the standard 
axioms of mathematics (that is, of Zermelo–Fraenkel set theory 
with the axiom of choice, or ZFC set theory). We deduce that there 
is no dimension-like quantity that characterizes learnability in  
full generality.

Standard learning models
Machine learning deals with various kinds of statistical problems, 
such as pattern recognition, regression and clustering. These prob-
lems share important properties in common. Perhaps the most 
basic similarity is in their goal, which can be roughly stated as:

Approximate a target concept given a bounded amount of data 
about it.

Another similarity lies in the ideas and techniques that are used 
to study them. One example is the notion of generalization, which 
quantifies the quality of the approximation of the target concept. 
Other notable examples include algorithmic principles such as 
ensemble methods, which combine multiple algorithms in ways 
that improve on their individual performances, and optimization 
techniques such as gradient descent.

The affinity between these learning contexts leads to a pursuit of 
a unified theory. Such a theory would expose common structures, 
and enable a fruitful flow of ideas and techniques between the dif-
ferent contexts as well as into new learning problems that may arise 
in the future.

A unified theory exists in the context of classification problems, 
which includes problems like speech and spam recognition. This 
theory is called probably approximately correct (PAC) learning1 or 
Vapnik–Chervonenkis (VC) theory2,3. A profound discovery within 
this theory, which is known as the ‘fundamental theorem of PAC 

learning’, is the characterization of PAC learnability in terms of VC 
dimension2,4. This result provides tight upper and lower bounds 
on the statistical complexity—the number of examples needed for 
learning—of arbitrary binary classification problems.

This characterization is remarkable in that it reduces the notion 
of PAC learnability to a simple combinatorial parameter. In some 
cases, it can even provide insights for designing learning algorithms. 
For example, it is useful in quantifying tradeoffs between expressiv-
ity and generalization capabilities.

Wide extensions of PAC learnability include Vapnik’s statisti-
cal learning setting5,6 and the equivalent general learning setting 
by Shalev-Shwartz and colleagues7. These rich frameworks capture 
many well studied settings, such as binary classification, multi-
class classification, regression as well as some clustering problems. 
The existence of a VC dimension-like parameter that characterizes 
learnability in these frameworks has attracted considerable atten-
tion (see, for example, refs. 8–11).

A corollary of our results is that there is no VC dimension-like 
parameter that generally characterizes learnability. We offer a for-
mal definition of the term ‘dimension’. All notions of dimension 
that have been proposed in statistical learning comply with this 
definition. We show that there can be no such notion of dimen-
sion whose finiteness characterizes learnability in general models of 
learning. This is discussed in more detail in the section ‘Dimensions 
for learning’.

Our focus is on a specific learning problem we call ‘estimating 
the maximum’ (EMX). The EMX problem belongs to both models 
discussed above. Here is a motivating example. Imagine a website 
that is being visited by a variety of users. Denote by X the set of all 
potential visitors to the website. The owner of the website wishes to 
post ads on it. The posted ads are to be chosen from a given pool 
of ads. Each ad A in the pool targets a certain population of users 
FA ⊆  X. For example, if A is a sports ad then FA is the collection of 
sports fans. The goal is to place an ad whose target population visits 
the site most frequently. The challenge is that it is not known in 
advance which visitors are to visit the site.

More formally, we assume access to a training sample of visi-
tors drawn from an (unknown) distribution P. The collection of 
ads corresponds to the family of sets F  =  {FA : A is an ad in the 
pool}. The ad problem above becomes an instance of the following  
EMX problem:

Learnability can be undecidable
Shai Ben-David1, Pavel Hrubeš2, Shay Moran3, Amir Shpilka4 and Amir Yehudayoff# #5*

The mathematical foundations of machine learning play a key role in the development of the field. They improve our under-
standing and provide tools for designing new learning paradigms. The advantages of mathematics, however, sometimes come 
with a cost. Gödel and Cohen showed, in a nutshell, that not everything is provable. Here we show that machine learning shares 
this fate. We describe simple scenarios where learnability cannot be proved nor refuted using the standard axioms of math-
ematics. Our proof is based on the fact the continuum hypothesis cannot be proved nor refuted. We show that, in some cases, 
a solution to the ‘estimating the maximum’ problem is equivalent to the continuum hypothesis. The main idea is to prove an 
equivalence between learnability and compression.
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Chapter 12: Networks
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Figure 12-25: TCP state-transition diagram.

between the individual states and implement the transitions between them (using a tool known as a finite
state machine). This is neither particularly efficient nor fast, so the kernel adopts a different approach.
Nevertheless, when describing the individual TCP actions, I make repeated reference to this diagram
and use it as a basis for our examination.

TCP Headers
TCP packets have a header that contains state data and other connection information. The header struc-
ture is shown in Figure 12-26.

Source Port Destination Port
Sequence Number

Offset Reserved Window
Check sum Urgent Pointer

Options Padding

Payload

0 16 3224104
URG
ACK
PSH

RST
SYN
FIN1 2 3 4 5 6

1

2

3

4

5

6

Figure 12-26: Structure of a TCP packet.

❑ source and dest specify the port numbers used. As with UDP, they consist of 2 bytes.

❑ seq is a sequence number. It specifies the position of a TCP packet within the data stream and is
important when lost data need to be retransmitted.
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...

<conditional> --> (if <test> <consequent> <alternate>)

<test> --> <expression>

<consequent> --> <expression>

<alternate> --> <expression> | <empty>

<assignment> --> (set! <variable> <expression>)

<derived expression> -->

(cond <cond clause>+)

| (cond <cond clause>* (else <sequence>))

| (case <expression>

<case clause>+)

| (case <expression>

<case clause>*

(else <sequence>))

| (and <test>*)

| (or <test>*)

| (let (<binding spec>*) <body>)

| (let <variable> (<binding spec>*) <body>)

| (let* (<binding spec>*) <body>)

| (letrec (<binding spec>*) <body>)

| (begin <sequence>)

| (do (<iteration spec>*)

(<test> <do result>)

<command>*)

| (delay <expression>)

| <quasiquotation>

...

...

Block:

{ BlockStatements }

BlockStatements:

{ BlockStatement }

BlockStatement:

LocalVariableDeclarationStatement

ClassOrInterfaceDeclaration

[Identifier :] Statement

LocalVariableDeclarationStatement:

{ VariableModifier } Type VariableDeclarators ;

Statement:

Block

;

Identifier : Statement

StatementExpression ;

if ParExpression Statement [else Statement]

...

while ParExpression Statement

do Statement while ParExpression ;

for ( ForControl ) Statement

try Block (Catches | [Catches] Finally)

try ResourceSpecification Block [Catches] [Finally]

StatementExpression:

Expression

...
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while do end

: if then goto ;

;

: goto ;

: …
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y := 1;

while do

if y = 1 then end;

if y = 2 then end;

…

if y = n then end;

end



goto ☞ :=

if goto ☞ := if then := end

halt ☞ :=

☞ :=
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: a := ; //
if q=1 and a=1 then goto ;

if q=1 and a=2 then goto ;

...

if q=n and a=N then goto ;

: _ _

goto ;

: _ _

goto ;

...

: _ _

goto ;
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